Abstract. In this short article we show an orthogonal decomposition of the Hilbert space
Notations.
Let Ω = [0, 1]
Set direct sum ⊎ : Unique direct sum of elements from mutually orthogonal sets 
and (III) the traceless Sobolev space
The Hilbet space L 2 C 1 (Ω) is an inner product space with inner product
and W 1,2 (Ω) with an inner product
where f ′ w , g ′ w are weak first order derivatives.
and for
With respect to the defined inner product above, we have the following orthogonal decomposition
Proof. We need to show two things.
and so f is a constant. Also
But then as f is a constant and we have
(Ω) and let
and hence with
From (α) and (β) follow the proposition.
Remark. The suset A 2 (Ω) is a closed set and its orthogonal complement
Besides representation of elemnets of
Definition 2. Due to the orthogonal decomposition there are two orthogonal projections P :
where I is the identity operator.
and so it is a constant and
and hence ∃h ∈ W 1,2
Then from integration by parts we have
since P (f ) is a constant and we have no boundary integral that might have resulted from the application of integration by parts because of the traceless of h.
Proposition 3. We have the following properties
That is P and Q are idempotent
Proof. Let f ∈ L 2 (Ω) and let
Then ψ = 0 and setting
we have
with P g = h and Qg = 0 Therefore,
and
Similarly let
(Ω). Then we have the unique decomposition,
That is
We will look at few examples whose validity is supported from uniqueness of representations in Hilbert spaces.
and hence
Proof. Let
Corollary 5.
Proposition 4. For the orthogonal projections P and Q we have the following results
i.e., P (e x ) = e − 1, Q (e x ) = e x + 1 − e 
